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We present a short topological proof of the 5-color theorem using only the nonplanarity of K,. As a bonus, we find that any graph which becomes planar upon the removal of 2 edges can be 5-colored and that any graph which becomes planar when 5 edges are removed is 6-colorable.
Let G be a graph with no loops and no multiple edges joining the same pair of vertices.
A e which we want to contract must be deleted to make the graph planar, then, once e is contracted, it becomes a vertex whose removal is no longer allowed. Nevertheless, we can still push through the proof.
As before, let H be a minimal non-5-colorable graph satisfying p(H) < 2. Suppose H has n vertices and 222 edges. If 22. is the number of vertices of degree i, then by minimality n . = 0 for i < 5, n = X.n., and 2m = ^,-in .
Moreover, by Lemma 2, 222 < 3/z -4 so 6/2-8 = -8+ £6/z. > £'"»' 2 2 or 8 < V (6 -z')/2¿ = 72 -«7 -2/2g By the proof of Lemma 1, p(K6) = 3, and certainly K, cannot be 5-colored. Thus, Theorem 2 is best possible. The following result is proved just like Lemma 2, of which it is a strengthening.
Lemma 4. // /¿(G) < 5, then G has a vertex of degree < 5.
Using this lemma, we can generalize Theorem 1 further provided we weaken 5-colorable to 6-colorable.
Theorem 3. Every graph G with p(G) < 5 can be 6-colored.
Proof. Let H be a minimal non-6-colorable graph with p(H) < 5. By
Lemma 4, H has a vertex v with degree < 5. Since p(H -v) < p(H) < 5, H -v has a 6-coloring which necessarily extends to H.
